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Abstract. We show that "spiralized" models of new-inflation can be experimentally identified mostly by
their positive spectral running in direct contrast with most chaotic-inflation models which have negative
runnings typically in the range of O(10−4 − 10−3).
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1 Introduction
In modern (or standard) cosmology, the idea of inflation [1] provides the most compelling solution to
various problems (e.g., flatness, horizon, and monopole problems) of old (big-bang) cosmology [1, 2].
Also, the classicalized quantum fluctuations of the inflaton are regarded as the most plausible seed for
the density perturbations in the present universe [3, 4]. In this regard, the concept of inflation is now
a kind of paradigm of modern cosmology. In order to match the observations of our universe, the last
primordial inflation should have at least about 50 ∼ 60 e-foldings, depending on the specifics on the
thermal history of the Universe after that stage. Also, if its quantum fluctuations are responsible for the
density perturbations at the present universe, the inflaton needs to roll down an almost flat potential
which should also provide a smooth end of inflation. There are numerous models of inflation, all fullfilling
these requirements, but they are either theoretically unappealing or quite degenerate among themselves
exhibiting only minor differences, well beyond the expected experimental resolution in the intermediate
and near future. A situation that leaves us with little hope to get a hint on the shape of inflaton potential
for quite some time.
Generically, inflation models can be categorized into two groups: small-field and large-field inflation.
In the former group, inflation takes place in a sub-Planckian regime of field space. In the latter case,
inflaton evolves over Planck scale. In view of effective field theory, which most of inflation models belongs
to, small-field inflations are the most sensible. However, typically there are issues about the flatness of
the inflaton potential (the so-called η-problem), fine tuning, or flat inconsistency with observations in the
most simple models of both categories that leaves the category of single small field models quasi empty. In
recent years however, there have been interesting ideas on compactifying the trans-Planckian trajectory
of the inflaton into a sub-Planckian regime of a two-dimensional field space by winding the trajectory
[5–14] which has put small field inflation back into the inflationary model building game. These potentials
are free from the η-problem although some amount of tuning seems still unavoidable. In those scenarios,
– 1 –
even though inflaton dynamics takes place in a two-dimensional field space, it is effectively the same as
the case of single field inflation in the sense that the trajectory does not have any peculiar change during
inflation. From now on, we call these two-dimensional extensions of single-field inflation as spiralilzed
inflation. In terms of the canonically normalized inflaton field, the various type of potentials in spiralized
inflation can have peculiar (e.g. fractional) power dependences on the inflaton field.
In the circumstance of having spiralized inflation scenarios, with fields always in the sub Planckian
regime, one may wonder whether these models can be degenerate with models among their class or
even with models in the large single-field one, rendering the distinction between small and large field
meaningless. Therefore the relevance of spiralized models largely depends on a positive answer to the
question of whether discriminating models, in particular, models of new-inflation-type (spiralized models)
from ones of chaotic-inflation-type is possible. If so, such a distinction will not only remove a half of the
parameter space in inflation-model-building but also shed some ligth on the mechanism of inflation.
In fact, in this work, we show that spiralized new-inflation models can be distinguished from various
chaotic-inflation models at the level of the running of the spectral index of density perturbations even if
there is a degeneracy of the three leading observables of inflation (power spectrum, spectral index, and
tensor-to-scalar ratio).
This paper is organized as follows. In Section 2, we provide a general phenomenological description
of spiralized inflation. In Section 3, we show the differences of observables among various selected inflation
models as a result of our numerical analysis. In Section 4, the validity of the single-field description of
spiralized inflation is discussed. In Section 5, conclusions will be drawn. Collections of formulas for the
inflationary observables in terms of slow-roll parameters of single field inflation, and formulas of slow-roll
parameters of selected models are provided in Appendix A and B, respectively.
2 Spiralized inflation
Spiralized inflation models can be described by the potential,
V = Vφ + VM (2.1)
where Vφ is a function of φ only and
VM = Λ
4 [1− sin(φn/Mn − θ)] (2.2)
where φ and θ are regarded as the radial and angular degrees of freedom of a complex field, and n ∈ N.
We assume VM/Vφ  1 at least during inflation, and consider only n = 1, 2 cases for simplicity. The
inflaton is expected to trace closely the minimum of the spiraling valley of the potential V . In this case,
∂V/∂φ = 0 gives
∂Vφ
∂φ
=
n
M
(
φ
M
)n−1
Λ4 cos θφ ≡ f(φ)
φ
Λ4 cos θφ (2.3)
where θφ ≡ φn/Mn − θ, and f(φ) ≡ n (φ/M)n. It leads to[
∂2Vφ
∂φ2
− n− 1
φ
∂Vφ
∂φ
+ f2
Λ4
φ2
sin θφ
]
dφ =
[
f
Λ4
φ
sin θφ
]
dθ (2.4)
When the inflaton is trapped in the spiraling trench (i.e. φ & M (or f & 1)), the curvature along φ is
dominated by the contribution from VM in Eq. (2.1). In this case, the last term in the left-hand bracket
of Eq. (2.4) dominates the other terms, resulting in
dφ ≈ φdθ/f (2.5)
which defines inflaton’s trajectory.
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In the basis of (φ, θ), when the field configuration is constrained to follow a specific trajectory such
that φ and θ are dependent on each other, an infinitesimal displacement along the trajectory is defined
as
dI ≡
[
1 +
(
φdθ
dφ
)2]1/2
dφ =
[
1 +
(
dφ
φdθ
)2]1/2
φdθ (2.6)
The unit vectors along the trajectory (I) and the orthogonal direction can be written as
eTI = (cφ, cθ), e
T
⊥ = (cθ, −cφ) (2.7)
Then, the directional derivative along inflaton is given by
d
dI
= eI · ∇ = cφ ∂
∂φ
+ cθ
∂
φ∂θ
(2.8)
where
cφ ≡ ∂φ
∂I
=
dφ/dθ√
φ2 + (dφ/dθ)2
(2.9)
cθ ≡ φ∂θ
∂I
=
φ√
φ2 + (dφ/dθ)2
(2.10)
The slope along the direction is
dV
dI
= cφ
∂V
∂φ
+ cθ
∂V
φdθ
(2.11)
and the mass is obtained as
d2V
dI2
= c2φM2φφ + 2cφcθM2φθ + c2θM2θθ (2.12)
where the mass matrix elements are found to be
M2φφ =
∂2V
∂φ2
+
∂ ln cφ
∂φ
∂V
∂φ
(2.13)
M2φθ =
∂2V
φ∂θ∂φ
− 1
2
(
1− ∂ ln cθ
∂ lnφ
)
∂V
φ2∂θ
+
∂ ln cφ
∂θ
∂V
φ∂φ
(2.14)
M2θθ =
∂2V
φ2∂θ2
+
∂ ln cθ
∂θ
∂V
φ2∂θ
(2.15)
Along the spiraling inflaton direction following Eq. (2.5) and being expected to satisfy ∂V/∂φ = 0
with a good accuracy, cφ and cθ can be regarded as functions of φ only, and one finds
∂2V
∂φ2
=
∂2Vφ
∂φ2
− n− 1
φ
∂Vφ
∂φ
+ f2
Λ4
φ2
sin θφ (2.16)
∂2V
φ∂θ∂φ
= −f Λ
4
φ2
sin θφ (2.17)
∂V
φ2∂θ
=
Λ4
φ2
cos θφ (2.18)
∂2V
φ2∂θ2
=
Λ4
φ2
sin θφ (2.19)
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leading to
dV
dI
= γV
′
φ (2.20)
d2V
dI2
= γ2
[
V
′′
φ − n
V
′
φ
φ
+ nγ2
V
′
φ
φ
]
(2.21)
d3V
dI3
= γ3
{
V
′′′
φ − 3n
V
′′
φ
φ
+ n (2n+ 1)
V
′
φ
φ2
+ nγ2
[
3
V
′′
φ
φ
− (6n+ 1) V
′
φ
φ2
]
+ 4n2γ4
V
′
φ
φ2
}
(2.22)
d4V
dI4
= γ4
{
V
′′′′
φ − 6n
V
′′′
φ
φ
+ n(11n+ 4)
V
′′
φ
φ2
− n(2n+ 1)(3n+ 2)V
′
φ
φ3
+nγ2
[
6
V
′′′
φ
φ
− (30n+ 4)V
′′
φ
φ2
+ (36n2 + 20n+ 2)
V
′
φ
φ3
]
+n2γ4
[
19
V
′′
φ
φ2
− (58n+ 13)V
′
φ
φ3
]
+ 28n3γ6
V
′
φ
φ3
}
(2.23)
where γ ≡ cθ/f  1, ‘′’ denotes derivative with respect to φ, and d ln cθ/d lnφ = nγ2 was used. In these
derivatives of V with respect to I we kept all higher order terms of γ, since the leading order contributions
can be cancelled out, depending on Vφ and n.
Alternatively, in the region where Eq. (2.5) is valid, the inflaton can be expressed as
I =
∫
f
cθ
dφ ≈
∫
fdφ =
n
n+ 1
(
φ
M
)n+1
M (2.24)
where we assumed f  1 which was justified with numerical tests. For φ  M , if φ is away from the
end point of inflation and θφ is nearly constant for several e-foldings associated to the observed CMB
scales, one may ignore the contribution of VM in the potential V of Eq. (2.1) as long as VM  Vφ. In
this case, Eq. (2.24) allows a simple single-field description of spiralized inflation. Note however that
such a description implies setting d ln cθ/d lnφ = 0 which is not problematic in many cases, but can lead
to a wrong result in some cases (e.g., ‘Spiral inflation’ with n = 1). Also, for a tachyonic Vφ, as the
inflaton evolves close to the end of inflation, |∂Vφ/∂φ| becomes larger and the last term in the left-hand
side bracket of Eq. (2.4) can become subdominant, depending on M and Λ. In such a case, Eq. (2.5)
does not hold any more, and it becomes non-trivial to find out a simple single-field description for the
inflation along the inflaton’s trajectory. Hence, we do not take this approach, but will use Eqs. (2.20)-
(2.23) in order to obtain analytic expressions for the slow-roll parameters. The observables of spiralized
inflation in terms of the slow-roll parameters can be found in the same way as in the single-field case (see
Appendix A). Explicit expressions of slow-roll parameters for several selected models of our interest can
be found in Appendix B.
As a remark, a general feature of spiralized inflation is that the n-th derivative of potential with
respect to the canonical inflaton field is suppressed by fn relative to the case without spiral motion (i.e.
the case of VM = 0). This results in suppressions of slow-roll parameters relative to the case of usual
single-field inflation, allowing effective large single-field slow-roll inflation in sub-Planckian field space.
3 Numerical analysis
In this section, a broad choice of models of large-field inflation and spiralized inflation is presented
and analyzed numerically to see the possibility of discriminating among different models. For slow-roll
parameters, formulas collected in Appendix B were used.
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3.1 Models
We choose following models for comparison:
• Hilltop inflation (HI) [15]:
V = Vφ = V0
[
1−
(
φ
µ
)4]
+ . . . (3.1)
• R2-inflation (R2I) [16]:
V = Vφ = V0
(
1− e−φ/µ
)2
(3.2)
• Natural inflation (NI) [17]:
V = Vφ = V0 [1 + cos(φ/µ)] (3.3)
• Spiral chaotic inflation 1 (SCI1) [7]:
V = V0
(
φ
µ
)2
+ VM (3.4)
• Spiral chaotic inflation 2 (SCI2) [9]:
V = V0
(
φ
µ
)4
+ VM (3.5)
• Spiral inflation (SI) [12]:
V = V0
[(
φ
φ0
)2
− 1
]2
+ VM (3.6)
• Spiral Coleman-Weinberg inflation (SCWI) [13]:
V = V0
{
1 + 4
(
φ
φ0
)4 [
ln
(
φ
φ0
)
− 1
4
]}
+ VM (3.7)
Some of well-known large-field models have been excluded from this selection, since they seem unlikely
to be consistent with recent data from Planck satellite mission [18].
3.2 Distribution of models on (ns, r)- and (αR, α′R)-planes
Many simple models of single-field inflation can be distinguished by its spectral index (ns) and tensor-to-
scalar ratio (r). However, there can be degeneracy among some models at the ns and r level. In this case,
the next thing we should see is the running of spectral index (αR), or one may have to go even further
(e.g., to the running of the running (α′R ≡ dαR/d ln k)). In terms of ns and r, one finds
αR = −1
2
r
(
1− ns − 3
16
r
)
− 2ξ2 (3.8)
α′R = −
1
2
r
[
(1− ns)2 − 3
64
r2
]
−
(
1− ns + 9
8
r
)
ξ2 + 2σ3 (3.9)
Note that in Eq. (3.8) the first term of the right-hand side is always negative for r < 0.1 and 0.95 .
ns . 0.98 [18]. Hence, it may be tempting to use the sign of ξ2 as a discriminator between models of
inflation at the level of αR although only an analysis about the magnitude of ξ2 will be able to tell, when
it is negative, whether it is a good discriminator. σ3 in Eq. (3.9) may also play a role similar to ξ2 in
Eq. (3.8) but in combination with ξ2. It is thus instructive to categorize the generic behaviors of ξ2 and
σ3 in several prototype simple potentials. It is straightforward to see that for
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• Monomial large-field models: |ξ2| . O(2) and |σ3| . O(3), leading to αR < 0 and dαR/d ln k < 0.
• Concave chaotic-inflation models: dV/dI > 0 and d3V/dI3 > 0, leading to ξ2 > 0 and hence αR < 0.
• Concave new-inflation models: dV/dI < 0 and d3V/dI3 > 0, leading to ξ2 < 0. Hence there is
possibility of αR > 0.
As can be seen from Eq. (3.8), since αR is an observable, ξ2 should be physical quantity, too. Hence,
once the sign of dV/dI is fixed, that of d3V/dI2 is fixed too, irrespective of possible field redefinitions.
Note that only concave new-inflation models display the possibility of having a positive spectral running.
In Table 1, we show the patterns of ξ2 and σ3 for the various models of interest. Now it is easy
Model V Sign(ξ2) Sign(σ3)
Single-field
HI V0
[
1−
(
φ
µ
)4]
+ . . . + −
R2I V0
(
1− e−φ/µ)2 + −
NI V0 [1 + cos(φ/µ)] − −
Two-field
SCI1 V0(φ/µ)2 + VM −(+) +(−)
SCI2 V0(φ/µ)4 + VM +(−) −(+)
SI V0
[(
φ
φ0
)2 − 1]2 + VM − −
SCWI V0
{
1 + 4
(
φ
φ0
)4 [
ln
(
φ
φ0
)
− 14
]}
+ VM −(−) −(−)
Table 1. Patterns of ξ2 and σ3 for sample models of inflation. The sign in parenthesis is for n = 2 case. In R2I,
µ =
√
3/2MP. In NI, the sign of σ3 depends on µ, but as µ becomes much larger than MP, cos(φ/µ) becomes
negative leading to a negative σ3. In SI and SCWI, we took φ0 = MP and MGUT, respectively.
to see that Hilltop- and R2-inflation are expected to have negative αR. On the other hand, it may be
possible for SI and SCWI to have positive αR since their ξ2 is negative. That is, spiral new-inflations
may be distinguished from the others. Since the signs of ξ2 and σ3 are only suggestive and the sign of αR
depends on the specific form of potential Vφ, a numerical analysis is required. We calculated numerically
inflationary observables up to α′R, using formulas collected in Appendix A and B. As a result of the
analysis, we show the positions of models in (ns, r)- and (αR, α′R)-planes in Fig. 1. In the top left panel
of the figure, one see that most of models we have considered (which are a fair sample of what can be
found in the literature) can be distinguished in (ns, r)-plane, but there are still several models which may
be difficult to be distinguished by ns and r. It is interesting to see that in SCWI r ∼ 0.05 even if we took
φ0 = MGUT. This is because the spiraling motion of inflaton extends e-foldings such that, for the last
about 50 e-foldings, inflaton had to be close to φ0, where  is sizable 1. In the top right and bottom panels,
we notice that the degeneracy in (ns, r)-plane is mostly broken at αR. The pattern of α′R in regard of ξ
2
and σ3 is not so clear because of the fact that some models display a somewhat large ns and r. However,
notably, spiralized new inflation models can have quite large positive αR (depending on n) and large
negative α′R. This behaviour can be seen from Eqs. (B.39), (B.40), (B.57) and (B.58) with φ∗ ∼ O(0.1)φ0
as the field value giving observables consistent with data for the cosmological scales of interest. We have
not considered some power-law potentials [19] which can be motivated from axion monodromy models
[5, 6], but as commented already, its is straitforward to see that such potentials give αR ∼ −O(10−3)
since  = O(10−3 − 10−2) and ξ2 ∼ ±O(2)(or 0). Therefore, we see that spiral new-inflation can be
clearly distinguished from all the other chaotic models of inflation at the level of αR at least.
1This result is different from Ref. [13] because in this work the waterfall end point of inflation was pushed maximally
toward φ0. In this case, another inflation can take place successively with a large amount additional e-foldings, since inflaton
would get trapped again. Since inflation can end much earlier by making the modulating potential small, we put aside this
issue in this work.
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Figure 1. Observables. Top-Left : Dark-gray and gray lines are respectively 1σ and 2σ CLs of Planck data [18].
A colored straight line corresponds to Ne = 45 − 60 from right to left end except the cases of ‘SI’ and ‘SCWI’.
For spiralized new-inflation models, each line covers ∆Ne = 10 starting from Ne = 39.5, 45 for ‘SI(n = 1)’ and
‘SCWI(n = 1, 2)’, respectively. Green and orange shade-regions correspond respectively to µ ≤ 250 and µ ≤ 300
from right. Green and orange dotted lines correspond to µ = 4.65 and 7, respectively. For spiralized inflation
models, we took the parameter M appearing in the modulating potential VM as shown in Table 2. Note that “SI”
has only n = 1 case, since n = 2 is phenomenologically ruled out. Top-Right : Same color scheme and parameter
set as the left panel. Bottom: Same as top-right panel in a different scale. Green and orange regions cover
µ = 4.65 − 250 and 7 − 300 with dotted lines corresponding to µ = 4.65 and 7, repectively. Some right part of
the orange region is overlapped by the green region. Large parts of solid blue and dark green lines are nearly
overlapped.
SCI1 SCI2 SI SCWI
n = 1 1.0× 10−3 2.0× 10−2 2.52× 10−2 2.0× 10−4
n = 2 2.0× 10−2 5.0× 10−2 − 1.48× 10−2
Table 2. The value of M in VM of Eq. (2.2) used for the numerical analysis of spiralized inflation models. The
unit is MP = 2.4× 1018 GeV except SCWI for which MGUT = 2× 1016 GeV was used.
Future measurements of the power spectrum of cosmological weak lensing as the one that will be
performed by the planned all-sky optical EUCLID [22] might detect a running of the primordial spectral
index at the required level (O(10−4)), provided the uncertainties about the source redshift distribution and
the underlying matter power spectrum are under control. The NASA SPHEREx mission [23], a proposed
all-sky spectroscopic survey, forectast a factor of 2 improvement over EUCLID perspective offers an ideal
tool for discriminating models.
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4 The validity of the single field description of spiralized inflation
The validity of the single field description of spiralized inflation can be guaranteed when the dynamics
along the direction orthogonal to inflaton can be ignored and the turning rate of the inflaton trajectory
is much smaller than unity. The mass-square along the orthogonal direction is found to be
d2V
dψ2
= c2θM2φφ − 2cφcθM2φθ + c2φM2θθ
= c2θ
[
V
′′
φ +
(
f +
1
f
)2 Λ4
φ2
sin θφ − f
(
n− 1− 1− nγ
2
f2
)
Λ4
φ2
cos θ
]
≈ f2Λ
4
φ2
sin θφ (4.1)
where we assumed f  1 and sin θφ & cos θφ which are valid for the cosmological scales of interest. If the
mass scale along ψ is comparable to or larger than the expansion rate during inflation, the background
motion and perturbations along ψ are exponentially damped out within a few e-foldings. This requires
d2V/dψ2
3H2
' f2
(
MP
φ∗
)2 Λ4
V (φ∗)
sin θφ & 1 (4.2)
where φ∗ is the field value when a cosmological scale of interest exits the horizon during inflation. Note
that the first slow-roll parameter  can be expressed as
 =
1
2
∣∣∣∣MPV dVdI
∣∣∣∣2 = 12
(
cθ
f
MP
φ∗
φ∗V
′
φ
V
)2
(4.3)
Also, for spirlized models we are considering, φ∗V
′
φ ∼ φ2∗V
′′
φ within a factor of a few. Hence, Eq. (4.2)
together with Eqs. (2.3) and (4.3) can be interpreted as(
V
′′
φ
3H2
)2
&
√
r
8
(
MP
φ∗
)
cot θφ (4.4)
In Eq. (4.4), the left-hand side for a sub-Planckian excursion of φ is generically of O(1) or larger. The
right-hand side is typically smaller than or at most comparable to unity. Hence, the dynamics along the
orthogonal direction can be safely ignored.
Also, following Ref. [24], the turning rate is found to be
η⊥
v
' −n
√
2
f
(
MP
fφ
)
(4.5)
where η⊥ and v are respectively the field acceleration to the direction orthogonal to infaton and the
field speed measured with respect to e-foldings instead of time. For a simple power-law potential of
Vφ, MP/fφ ∼
√
2 . O(0.1) for cosmological scale of interest. Even for SI and SCWI, we find that
MP/f
2φ ∼ O(10−2). Hence, for γ . O(0.1) in our analysis, we find
η⊥
v
. O(10−3) (4.6)
Therefore, the single field description is a good approximation for spiralized inflation models, and non-
Gaussianities are expected to be much smaller than unity.
5 Discussions and conclusions
In this paper, we studied the possibility of discriminating models of inflation by taking a look at the pattern
of αR (the spectral running) and α′R (the running of the running) of the density perturbations originated
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from the quantum fluctuations of the inflaton field. As sample models, several large-field inflation models
(Hilltop- and R2-inflation) including natural inflation and spiralized inflation models (spiral new- and
chaotic-inflations) were considered. As a result of our numerical analysis, we found that all the chaotic
models selected (including natural inflation) have negative definite spectral runnings of O(10−4 − 10−3),
while spiral new-inflation models mostly have positive αRs which can be as large as a few times O(10−3).
Also, spiral new-inflation models can have very large |α′R|s a fact that allows easy discrimination of
the models in future experiments, although they might be also discriminated from their spectral indices
and tensor-to-scalar ratios. Hence it will be easy to rule out either new-inflation-type model or chaotic-
inflation-type ones in future observational experiments once the experimental uncertainties on αR go
below O(10−3).
A Observables in single-field inflation
The slow-roll inflation is the simplest way of generating a nearly scale-invariant power spectrum of density
perturbation via a slowly rolling single inflaton field (I). In the slow-roll limit, the equation of motion of
inflaton is approximated as
0 = I¨ + 3HI˙ + V ′ ≈ 3HI˙ + V ′ (A.1)
and inflation is characterized by slow-roll parameters defined as
 ≡ 1
2
(
MPV
′
V
)2
(A.2)
η ≡ M
2
PV
′′
V
(A.3)
ξ2 ≡ M
4
PV
′V ′′′
V 2
(A.4)
σ3 ≡ M
6
PV
′2V ′′′′
V 3
(A.5)
where derivatives denoted by ‘′’s are with respect to the inflaton field (I). The e-folding number of a
slow-roll inflation is given by
Ne =
∫ te
t
Hdt ≈ − 1
M2P
∫ Ie
I
V
V ′
dI (A.6)
where the subscript ‘e’ stands for the end of inflation. As observables, the density power spectrum and
its special index of a slow-roll inflation are given by
PR ≡
(
H
2pi
)2(∂Ne
∂I
)2
≈ 1
8pi2
H2
M2P
(A.7)
ns − 1 ≡ d lnPR
d ln k
≈ (2η − 6) (1 + ) (A.8)
For the tensor-mode,
PT ≡
(
8
M2P
)(
H
2pi
)2
(A.9)
nT ≡ d lnPT
d ln k
= −2 (A.10)
The tensor-to-scalar ratio is given by
r ≡ PT
PR
= 16 (A.11)
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For a cosmological scale leaving the horizon at a given epoch, d ln k = d ln(aH) leading to
d ln k
dI
=
H
I˙
(
1 +
H˙
H2
)
≈ − 1
M2P
V
V ′
(1− ) (A.12)
Hence the running of slow-roll parameters are given by
d
d ln k
= −2η + 42 (A.13)
dη
d ln k
= 2η − ξ2 (A.14)
dξ2
d ln k
= 4ξ2 − ηξ2 − σ3 (A.15)
and, defining αR ≡ dns/d ln k and αT ≡ dnT /d ln k, one finds
αR = −8 (3− 2η)− 2ξ2
= −1
2
r
(
1− ns − 3
16
r
)
− 2ξ2 (A.16)
dαR
d ln k
= −32 (η2 − 6η + 62)+ 2 (η − 12) ξ2 + 2σ3
= −1
2
r
[
(1− ns)2 − 3
64
r2
]
−
(
1− ns + 9
8
r
)
ξ2 + 2σ3 (A.17)
αT = 4 (η − 3) (A.18)
dαT
d ln k
= −4 (2η2 − 18η + 242 + ξ2)
= −1
4
r
[
1
2
(1− ns)2 + 3
16
r (1− ns)− 3
64
r2 + ξ2
]
(A.19)
B Analytic expressions of slow-roll parameters in various models
In the following collections of formulas, φe stands for the field value at the end of inflation. In cases of
spiralized inflation models, we apply Eq. (2.20)-(2.23) instead of Eq. (2.24) in order not to miss relevant
sub-leading terms, and ignore irrelevant higher order terms of γ2 in expressions of slow-roll parameters.
B.1 Hilltop inflation (HI)
The potential is
Vφ = V0
[
1−
(
φ
µ
)p]
+ . . . (B.1)
where V0 is the potential energy at φ = 0, µ is a mass parameter, . . . denotes at least term(s) for
stabilization, and we consider p = 4 case only. Slow-roll parameters are
 =
p2
2
(
MP
µ
)2 ∣∣∣∣∣ (φ/µ)p−11− (φ/µ)p
∣∣∣∣∣
2
(B.2)
η = −p(p− 1)
(
MP
µ
)2 (φ/µ)p−2
1− (φ/µ)p , (B.3)
ξ2 = p2(p− 1)(p− 2)
(
MP
µ
)4 (φ/µ)2(p−2)
[1− (φ/µ)p]2 , (B.4)
σ3 = −p3(p− 1)(p− 2)(p− 3)
(
MP
µ
)6 (φ/µ)3(p−2)
[1− (φ/µ)p]3 (B.5)
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For the cosmologically relevant scales, φ µ and  η leading to
ns ' 1 + 2η (B.6)
For p = 4, φe at  = 1 can be found numerically. The e-folding number for p > 2 is
NHIe ≈
√
2
p(p− 2)
µ2
M2P
[(
µ
φ
)p−2
−
(
µ
φe
)p−2]
(B.7)
B.2 R2-inflation (R2I)
The potential is
Vφ = V0
(
1− e−φ/µ
)2
(B.8)
Slow-roll parameters are
 = 2
(
MP
µ
)2 e−2φ/µ(
1− e−φ/µ)2 , η = −2
(
MP
µ
)2 e−φ/µ (1− 2e−φ/µ)(
1− e−φ/µ)2 (B.9)
ξ2 = 4
(
MP
µ
)4 e−2φ/µ (1− 4e−φ/µ)(
1− e−φ/µ)3 , σ3 = −8
(
MP
µ
)6 e−3φ/µ (1− 8e−φ/µ)(
1− e−φ/µ)4 (B.10)
Note that
 ' 1
2
(
µ
MP
)2
η2 (B.11)
Hence, taking a large µ, one can get a larger  realizing a large tensor-to-scalar ratio. Taking µ =
√
3/2MP
for the original R2-inflation, one finds  ' 34η2 leading to
ns ' 1 + 2η (B.12)
From  = 1, φe is given by
φe = µ ln
[
1 +
√
2(MP/µ)
]
(B.13)
The e-folding number is
NRIe =
1
2
(
µ
MP
)2 [
eφ/µ − eφe/µ − (φ− φe)
µ
]
(B.14)
B.3 Natural inflation (NI)
The potential is
V = Vφ = V0 [1 + cos(φ/µ)] (B.15)
Slow-roll parameters are
 =
1
2
(
MP
µ
sin(φ/M)
[1 + cos(φ/µ)]
)2
, η = −
(
MP
µ
)2 cos(φ/M)
[1 + cos(φ/µ)]
(B.16)
ξ2 = −
(
MP
µ
)4 1− cos(φ/µ)
1 + cos(φ/µ)
, σ3 =
(
MP
µ
)6 cos(φ/µ) [1− cos(φ/µ)]
1 + cos(φ/µ)
(B.17)
From  = 1, φe is found to satisfy
cos(φe/µ) ' −1 +
(
MP
µ
)2
(B.18)
where µMP was assumed. The e-folding number is
NNIe =
(
µ
MP
)2
ln
[
1− cos(φe/µ)
1− cos(φ/µ)
]
'
(
µ
MP
)2
ln
[
2
1− cos(φ/µ)
]
(B.19)
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B.4 Spiral chaotic inflation 1 (SCI1)
The potential is
V = V0
(
φ
µ
)2
+ VM (B.20)
Denoting a slow-roll parameter x and f(φ) associated with a specific value of n as xn and fn(φ) respec-
tively, one finds
n = 2
(
γ
MP
φ
)2
(B.21)
ηn =
[−(n− 1) + nγ2] n (B.22)
ξ2n = 2n
[
(n− 1)− (3n− 1)γ2] 2n (B.23)
σ3n =
{−2n(n− 1)(3n+ 1) + n [(n− 1)(36n+ 26) + 24] γ2} 3n (B.24)
From n = 1, φe is given by
φe = M
(√
2
n
MP
M
) 1
n+1
(B.25)
The e-folding number is
NSCI1e,n =
1
4
n2
n+ 1
(
M
MP
)2( φ
M
)2(n+1) [
1−
(
φe
φ
)2(n+1)]
=
f2n
4 (n+ 1)
(
φ
MP
)2 [
1−
(
φe
φ
)2(n+1)]
≈ 1
2 (n+ 1) n
(B.26)
leading to
1− ns ≈ n+ 2
n+ 1
1
Ne
=
n+ 2
8
r (B.27)
B.5 Spiral chaotic inflation 2 (SCI2)
The potential is
V = V0
(
φ
µ
)4
+ VM (B.28)
Slow-roll parameters are
n = 8
(
γ
MP
φ
)2
(B.29)
ηn =
3− n
2
n (B.30)
ξ2n =
1
2
[−(n− 1)(3− n) + n(4− 3n)γ2] 2n (B.31)
σ3n =
1
4
{
(n− 1)(3− n)(3n− 1) + n [(n− 1)(18n− 17)− 4] γ2} 3n (B.32)
From  = 1, φe is given by
φe = M
(
2
√
2
n
MP
M
) 1
n+1
(B.33)
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The e-folding number is
NSCI2e,n =
f2n
8 (n+ 1)
(
φ
MP
)2 [
1−
(
φe
φ
)2(n+1)]
≈ 1
(n+ 1)n
(B.34)
leading to
1− ns ≈ n+ 3
n+ 1
1
Ne
=
n+ 3
16
r (B.35)
B.6 Spiral inflation (SI)
The potential is
V = V0
[
1−
(
φ
φ0
)2]2
+ VM (B.36)
Slow-roll parameters are
n = 8
(
γ
MPφ
φ20 − φ2
)2
(B.37)
ηn =
n
2
{
(n− 1)
(
φ0
φ
)2
+ (3− n)− nγ2
[(
φ0
φ
)2
− 1
]}
(B.38)
ξ2n =
2n
2
[(
φ0
φ
)2
− 1
]{
(n− 1)
[
n
(
φ0
φ
)2
+ (3− n)
]
− nγ2
[
(3n− 1)
(
φ0
φ
)2
− (3n− 4)
]}
(B.39)
σ3n =
3n
4
[(
φ0
φ
)2
− 1
]2{
(n− 1)
[
n(3n+ 1)
(
φ0
φ
)2
+ (3− n)(3n− 1)
]
−nγ2
[
((n− 1)(18n+ 13) + 12)
(
φ0
φ
)2
− ((n− 1)(18n− 17)− 4)
]}
(B.40)
The e-folding number is given by
NSIe,n =
1
8n
(
φ0
MP
)2
f2n(φe)
{[
1−
(
φ
φe
)2n]
− n
n+ 1
(
φe
φ0
)2 [
1−
(
φ
φe
)2(n+1)]}
(B.41)
If Λ is small enough, φe can be from ∣∣∣∣∂Vφ∂φ
∣∣∣∣ ' fnφ Λ4 (B.42)
equivalent to
4
n
(
M
φ0
)n( φ
φ0
)2−n [
1−
(
φ
φ0
)2]
' Λ
4
Vφ(φ = 0)
(B.43)
Otherwise, it is from n = 1. For φ0 = MP which we assume for simplicity, if M  φ0 which is true in
spiraling inflation models of our consideration, n = 1 gives solutions φe  φ0 or φe ∼ φ0. The former is
not a proper solution for φ > M , and the latter is
φe
φ0
∣∣∣∣
=1
≈
[
1− 2
√
2
n
MnMP
φn+10
]1/2
(B.44)
For n = 1, defining κ ≡Mφ0/
√
2φ2 for convenience, one finds
η1 ' 1
(
1− κ2) ⇒ 1 = 1− ns
6− 2(1− κ2) (B.45)
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Note that η1 can be either positive or negative. If κ 1, 1 ≈ η1 which results in
ns = 1− r
4
& 0.975 (B.46)
M
φ0
' 0.028
[
1−
(
φ∗
φ0
)2]( φ0
MP
)( r
0.1
)1/2  √2( φ
φ0
)2
(B.47)
where the lower bound of ns is due to r < 0.1 from observations [18], and we assumed φ2  φ0 which is
true for cosmological scales relevant CMB observations. If inflation ends at 1 = 1, from Eqs. (B.41) and
(B.47) with φe ' φ0 the number of e-foldings is found to be
NSIe,=1 ' 80
(
0.1
r
)
(B.48)
which does not depend on φ∗ and too large to match observation unless r & 0.14. Hence, in order to
match observations, inflation should end by waterfall drop at φe < φ× = φ0/
√
3 with φ× being the
maximum field value satisfying Eq. (B.43). In such a case, the e-foldings can be around 40 at most
which is too small to match observations. However, note that the left-hand side of Eq. (B.43) decreases
for φ > φ×, allowing the possibility of a two-step inflation (before and after φ = φ×) in which inflation
eventually ends when 1 = 1. Adjusting Λ which does not affect slow-roll parameters, one can control
φe via Eq. (B.43) to reduce the total e-foldings. Hence, even if NSIe for φ < φ× is too small to match
observations by itself, it is not a problem as long as it covers observed CMB scales and e-foldings for
φ > φ× are large enough. Moreover, the required e-foldings for primordial inflation can be reduced in
cases of long period of matter domination after inflation, a very low reheating temperature close to its
lower bound, or some extra e-foldings, for example, from thermal inflation [20, 21]. Again, the need of all
these possibility depend on Λ which does not affect slow-roll parameters. In this work, we do not pursue
the details of these possibilites.
On the other hand, if κ 1, η1 becomes negative and r can be well below observational bound even
for the preferred cental value of ns. Note that φ∗ is constrained as
M
φ0
. φ∗
φ0

(
1√
2
M
φ0
)1/2
(B.49)
Hence, M/φ0 should be smaller than unity by at least a couple of orders of magnitude in order to allow
an enough room for φ∗. In this case, the spectral running and the running of the running become large,
allowing easy discrimination in the future experiments.
For n = 2, Eq. (B.43) has a solution at
φ×
φ0
∣∣∣∣
2<1
= 1− 1
2
(
φ0
M
)2 Λ4
Vφ(φ = 0)
(B.50)
Contrary to n = 1 case, the field configuration can follow the spiraling trench only for φ > φ× and never
gets out, and inflation ends only when 2 = 1 satisfied at
φe
φ0
∣∣∣∣
2=1
≈
[
1−
(√
2M2MP
φ30
)]1/2
(B.51)
for M  φ0. Meanwhile, from Eq. (B.37) one find that
(
MP
φ0
)1/2 M
φ0
=
( r
32
)1/4 [(φ∗
φ0
)(
1−
(
φ∗
φ0
)2)]1/2
. 0.1467
( r
0.1
)1/4
(B.52)
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which means φe ' φ0. Adjusting Λ, one can make φ× < φ∗. Then, combined with Eq. (B.52), the number
of e-folding with φe ≈ φ0 is minimized at φ∗/φ0 ' 0.6356 with
NSIe,n=2 ' 5.72×
16
3r
' 305
(
0.1
r
)
(B.53)
which is too large to match observations, and we do not consider this case any longer in regard of the
spectral running and its running.
B.7 Spiral Coleman-Weinberg inflation (SCWI)
The potential is
V = V0
{
1 + 4
(
φ
φ0
)4 [
ln
(
φ
φ0
)
− 1
4
]}
+ VM (B.54)
Slow-roll parameters are
n = 128
[
γ
MPφ
3
φ40
ln
(
φ
φ0
)]2(
V0
V
)2
(B.55)
ηn =
1
8
(
φ0
φ
)4( V
V0
) {[3− n(1− γ2)] ln( φφ0)+ 1}
ln2
(
φ
φ0
) n (B.56)
ξ2n =
{
bn ln
(
φ
φ0
)
+
[
5− 3n(1− γ2)]} ln( φφ0){
[3− n(1− γ2)] ln
(
φ
φ0
)
+ 1
}2 η2n (B.57)
σ3n =
[
cn ln
(
φ
φ0
)
+ dn
]
8
{
[3− n(1− γ2)] ln
(
φ
φ0
)
+ 1
}2 (φ0φ
)4( V
V0
)
nη
2
n (B.58)
where
bn ≡ −2(n− 1)(3− n) + 2γ2n(4− 3n) (B.59)
cn ≡ 2(n− 1)(3− n)(3n− 1) + 2γ2n(2n− 1)(9n− 13) (B.60)
dn ≡ (n− 1)(11n− 15)− 4 + 2γ2n(13− 15n) (B.61)
Depending on the maginitude of Λ relative to V 1/40 , inflation can end by waterfall drap at φe satisfying∣∣∣∣∂Vφ∂φ
∣∣∣∣ ' fnφ Λ4 (B.62)
equivalent to
16
n
(
M
φ0
)n(φe
φ0
)4−n
ln
(
φ0
φe
)
' Λ
4
Vφ(φ = 0)
(B.63)
The left-hand side of the equation above is maximized at φ×/φ0 = e−
1
4−n . If a solution to Eq. (B.63) is
absent, inflation ends when n = 1 at φe satisfying
V0
V (φe)
(
φe
φ0
)3−n
ln
(
φ0
φe
)
=
1
8
√
2
(
φn+10
MnMP
)
(B.64)
Formally, the number of e-foldings is given by
NSCWIe,n =
1
MP
∫
dI√
2n
≈ 1
MP
∫
dφ
fn
cθ
√
2n
(B.65)
but it can not be given as a simple closed analytic form.
– 15 –
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